Abstract. Graphene sheets (GSs) have been proposed to be a base material for nanoelectromechanical systems (NEMS
INTRODUCTION
Vibrational properties of graphene sheets (GSs) deserve to be studied, because they may contribute to the application of GSs as NEMS resonators. Up to now, various continuum mechanical models have been proposed to study the vibration modes of GSs, such as frame structure model, shell/plate model, and beam model [1] [2] [3] [4] . Shape optimization is a procedure to improve or enhance the performance of the structure by changing design parameters. Recently, the shape of GSs can be controlled by an external electric field [5] or chemically modifying the adherence of GSs on metal [6] . Hence, shape optimization of GSs can make an effective role to improve their mechanical behaviors.
In our previous work, we adopted the molecular mechanics (MM) method to construct the continuum frame work and carried out the shape optimum design of GSs in terms of the compliance minimization problem based on a free-form optimization method for frame structures [7] . In the present work, we extend this optimization method to the fundamental frequency maximization problem of GSs, and make shape optimum design of GSs.
We arrange this study as following. In section 2, we introduce the MM method for constructing the frame structures of GSs. In section 3, we develop a free-form shape optimization method for frame structures and introduce the shape optimization process for shape design of GSs. In section 4, using the developed shape optimization process, we carry out two examples to obtain the optimal shapes of GSs. At last, we remark conclusions in section 5.
SHAPE OPTIMIZATION OF GRAPHENE SHEETS

Governing equation
We introduce the MM method for modeling frame structure of GSs at first. In MM method, the forces between two individual atoms are depicted as continuum beam elements. We assume an equivalent C-C beam with a circular cross-section of diameter d and initial length 1.42 Å. According to the Tersoff-Brenner force field theory [8] and a link between molecular and solid mechanics of C-C bond, we derive the Young's modulus E b , shear modulus G b and diameter d as [9] :
where k l = 93800 kcal/mol/nm 2 , k θ = 126 kcal/mol/rad 2 , and k τ = 40 kcal/mol/rad 2 are obtained by fitting to the structural and vibrational frequency data on small molecular fragments [10] . As shown in Fig. 2 ,,
where , ,, x x x directions of the local coordinate system, respectively. Then, the weak form governing equation of the eigenfrequency in terms of 
Fundamental frequency maximization problem
The free-form optimization method for frame structures is adopted to maximize the natural frequency of GSs, and is formulated as
that minimizes
subject to Eq. (3) and
where M and M are the volume of a GS and its constraint value, respectively. Letting ( , )
w  and Λ denote the Lagrange multipliers for the governing equation and volume constraint, respectively, the Lagrange functional L associated with the fundamental frequency maximization problem can be expressed as
(1)
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The material derivative L of the Lagrange functional is derived as
where ( ) nG G  expresses the shape gradient function (i.e., sensitivity function), which is a coefficient function in terms of V . n is the outward unit normal vector on the circumference surface  or a unit normal vector on the centroidal axis S. The notations ()  and ()  are the shape derivative and the material derivative with respect to the domain variation, respectively.
The optimum conditions of the Lagrange functional L with respect to
( , ) w θ , ( , ) w  , and Λ are shown as
, , ,
When the optimality conditions are satisfied, considering the self-adjoint relationship
where the shape gradient functions 1 G , 2 G , and 0 G are applied in the free-form optimization method for frame structures of GSs to determine the optimal design velocity field V.
Free-form optimization method and repeated eigenvalue problem
The free-form optimization method for frame structures was proposed by Shimoda [11] . In this method, the negative shape gradient function (= ) Gn G is applied as a distributed force in the off-axis direction to the centroidal axis of a fictitious-elastic frame structure under a Robin condition (spring constant  ). This makes it possible both to reduce the objective functional and to maintain smoothness, i.e., mesh regularity, simultaneously. The optimal shape variation, or the optimal design velocity field V is determined as the displacement field in this pseudo-elastic frame analysis, and the obtained V is used to update the shape. This analysis is called velocity analysis. The governing equation of the velocity analysis is shown as 1  1  2  3 1  2  3 , , , , , satisfy Dirichlet condition for shape variation
In design problems where convexity is assured, this relationship definitely reduces the Lagrange functional in the process of updating the shape of GSs using the design velocity field V determined from Eq. (15). The shape optimization process for frame structure of GSs is constructed by repeating the vibration analysis, calculation of the shape gradient functions, velocity analysis, and shape updating. The vibration analysis and velocity analysis are carried out using a standard commercial FEM code.
We also consider the repeated eigenvalue problem in this study. When the repeated eigenvalue problem happens, we change the objective and constraint functions to the summation forms as shown in the first term of the right side of Eq. (17). The notation ( 2) r  denotes the multiplicity of the repeated eigenvalues. The occurrence of repeated eigenvalue is judged with a tolerance  , and we set (1) 0.02 0
In an analogous way, the shape gradient functions should be replaced as
OPTIMIZATION RESULTS OF GRAPHENE SHEETS
In order to evaluate the shape optimization process of GSs for enhancing their fundamental frequency, we carry out two numerical examples to optimize the shape of a graphene nanoribbon (GNR) and an irregular GS. The volume constraint is set to be initial
MM M 
, where initial M is the initial volume of GSs. It should be noted that the constraint conditions are set as 1 (x 1 direction), 2 (x 2 direction), 3 (x 3 direction), 4 (θ 1 direction), 5 (θ 2 direction) and 6 (θ 3 direction) in the present work. In the first example, we design the shape a GNR shown in Fig. 2 with 510 carbon atoms and 724 equivalent C-C beams. As shown in Fig. 2 (a) and (b) , two ends of the GNR are con-strained in 123456 in both of the vibration analysis and the velocity analysis. Furthermore, to assure that all carbon atoms are varied in the X 3 direction, all of the remained nodes in velocity analysis are constrained in 12. We carry out shape optimization of the GNR by using the developed shape optimization process, and show the optimal shape and the iteration history in Fig. 2 (c) and (d) , respectively. With respect to the optimal shape shown in Fig. 2 (c) , the middle of the GNR becomes convex to enhance its fundamental frequency, and the optimal shape of the GNR is smooth, which is a feature of the free-form shape optimization method. In the iteration history shown in Fig. 2 (d) , the fundamental frequency (mode 1) is enhanced smoothly while satisfying the volume constraint initial 1.005 MM M  , and the repeated eigenvalue problem occurs from the 22th iteration. This shape optimization process converges at the 39th iteration, and the fundamental natural frequency (mode 1) is enhanced to 31.15 times to the initial shape. We design an irregular GS shown in Fig. 3 containing 3194 carbon atoms and 4636 equivalent C-C beams in the example 2. We show the constraint condition of the vibration analysis and the velocity analysis in Fig. 3 (a) and (b) , respectively. Using the proposed shape optimization process, the optimal shape of the GS is shown in Fig.3 (c) . From the iteration history shown in Fig. 3 (d) , the repeated eigenvalue problem does not occurs in this example, and the fundamental frequency of the GS is enhanced to 15.45 times to the initial shape in the 26th iteration, while the volume constraint is satisfied.
Shape optimization of a graphene nanoribbon
Shape optimization of an irregular graphene sheet
CONCLUSIONS
In this work, we developed a shape optimization system of GSs for the fundamental frequency maximization problem. At first, based on the MM method, GSs were modeled as frame structures composed of Timoshenko beams. Next, the fundamental frequency maximization problem of the frame structure of GSs was formulated. We adopted the free-form shape optimization method for frame structures to achieve the optimal shapes of GSs. This method has advantages that the optimal shapes of GSs could be determined smoothly and without requiring shape design parameterization. The objective of the shape optimization process was to maximize the fundamental frequency of GSs under the volume constrain. We also considered the repeated eigenvalue problem in the present work. Two design examples were carried out to confirm the effectiveness of the developed shape optimization process, and the results showed that the obtained optimal shapes in both of the two design examples were smooth and the fundamental frequency of each example was enhanced significantly.
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